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1 Introduction 

The purpose of this work is to show that the Hitchin integrable system for a simple complex 
Lie group G is dual to the Hitchin system for the Langlands dual group L G. In particular, the 
general fiber of the connected component Higgs of the Hitchin system for G is an abelian 
variety which is dual to the corresponding fiber of the connected component of the Hitchin 
system for L G. The non-neutral connected components Higgs Q form torsors over Higgs . 
We show that their duals are gerbes over Higgs which are induced by the gerbe Ttiggs 
of G-Higgs bundles. The latter was introduced and analyzed in [DG02 . More generally, we 
establish a duality between the gerbe Ttiggs of G-Higgs bundles and the gerbe L Tiiggs 
of L G-Higgs bundles, which incorporates all the previous dualities. All these results extend 
immediately to an arbirtary connected complex reductive group G. 

Hit87] . 



is an 



The Hitchin system h : Higgs — > B for the group G and a curve C 
integrable system whose total space is the moduli space of semistable -K"c*-valued princi- 
pal G-Higgs bundles on C. The base B parametrizes cameral covers, which are certain 
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W-Galois covers p : C\, — ► C . (W is the Weyl group of G.) For classical groups G, the base 
B also parametrizes appropriate spectral covers p : Cb — > C. The Hitchin fiber h~ x {b) can be 
described quite precisely, jHit,871 lFal93l IDon93l IL\m95l LSco981 lP7T02] . For generic b e 5 it is 
(non-canonically) isomorphic to the product of a finite group and a certain Abelian variety 
P& which can be described as a generalized Prym variety of C& (or of C&) over C. 

The connected components of Higgs are indexed by the fundamental group tt 1 (G). The 
component Higgs corresponding to the neutral element parametrizes G-Higgs bundles 
which are induced from G sc -Higgs bundles on C, where G sc is the universal cover group 
of G. As shown by Hitchin |Hit92j and reviewed here, the restriction of h to this neutral 



component always admits a section (determined by the choice of a theta characteristic, or 
spin structure, on the curve C). Our Theorem 1X1 shows that the connected components 
Higgs for the groups G, L G are duals of each other. 

Here is an outline of the proof of the fiberwise duality, Theorem \K\ The Hitchin base B, 
as well as the universal cameral cover ^ -> C x 5, depend on the group G only through its 
Lie algebra q. As a first step towards the duality between the Hitchin system h : Higgs — > B 
for G and the Hitchin system L h : L Higgs — » L B for L G, we note that there is a natural 
isomorphism I : B — > L B between the Hitchin bases for Langlands-dual algebras g, L g. This 
isomorphsim lifts to an isomorphism £ of the corresponding universal cameral covers. For 
the simply laced Lie algebras (of types ADE), this is straightforward: g = l q, B = L B, 
c io = Lc tf, and I, £ are the identity. This is not the case in general. Cameral covers of 
type B are interchanged with those of type C. For the Lie algebras of types F, G we can 
identify q with L g and hence B with L B, but the natural isomorphism I is not the identity: 
it takes one cameral cover to another, in which short and long roots have been interchanged. 
This phenomenon was recently noted in the Kapustin-Witten work |KW06j on the geometric 
Langlands Correspondence, and was used in the Argyres-Kapustin-Seiberg work |AKS05j on 
^-duality in N = 4 gauge theories. 

Next we show that the group of connected components of a Hitchin fiber h~ l (b) is vri(G). 
In particular, the connected components of h~ x {b) are its intersections with the connected 
components of Higgs itself. 

For the fiberwise duality, it remains to show that the connected component Pb of the 
Hitchin fiber /i _1 (6) over some general b G B is dual (as a polarized abelian variety) to 
the connected component L Pi{b) of the corresponding fiber for the Langlands-dual system. 
This is achieved by analyzing the cohomology of three group schemes T D T D T° over C 
attached to a group G. The first two of these were introduced in |DG02| . where it was shown 
that h^ Y {b) is a torsor over /f 1 (C, T). We recall the definitions of these two group schemes 
and add the third, T°, which is simply their connected component. It was noted in [DG02 
that T = T except when G = SO(2r + 1) for r > 1. Dually, we note here that T = T° 
except for G — Sp(r), r > 1. In fact, it turns out that the connected components of H l {T°) 
and H l {T) are dual to the connected components of H l ( L T),H 1 ( L T°), and we are able to 
identify the intermediate objects H 1 ^), H 1 ( T) with enough precision to deduce that they 
are indeed dual to each other. 

We extend this result to the non-neutral components as follows. The non-canonical 



isomorphism from non-neutral components of the Hitchin fiber to P& can result in the absence 
of a section, i.e. in a non-trivial torsor structure |HT03t IDP03J . In general, the duality 
between a family of abelian varieties A — > B over a base B and its dual family A v —>■ B is 
given by a Poincare sheaf which induces a Fourier-Mukai equivalence of derived categories. 
It is well known [DP03, BB06b, BB06a that the Fourier-Mukai transform of an A-torsor A a 
is an 0*-gerbe a A v on A y . In our case there is indeed a natural stack mapping to Higgs, 
namely the moduli stack Tiiggs of semistable G-Higgs bundles on C . Over the locus of 
stable bundles, the stabilizers of this stack are isomorphic to the center Z[G) of G and so 
over the stable locus Tiiggs is a gerbe. The stack Tiiggs was analyzed in |DG02| . From 
|DP03j we know that every pair a G 7T (Higgs) = m(G),f3 G 7Ti( L G) = Z(G) A defines 
a [/(l)-gerbe p Higgs a on the connected component Higgs a and that there is a Fourier- 
Mukai equivalence of categories /^(^Higgs^) = D b ( a L Higgs /3 ). In our case we find that 
all the [/(l)-gerbes /jHiggs^ are induced from the single Z(G)-gerbe Tiiggs, restricted to 
component Higgs a , via the homomorphisms (3 : Z(G) — > U(l). We repackage these results 
in Theorem iBl as a duality between the Higgs gerbes Tiiggs and L Tiiggs. We also note that 
the gerbe Tiiggs is induced from the gerbe Sun on the moduli space Bun of stable prinicpal 
G bundles, which measures the obstruction to existence of a universal bundle. Finally, our 
Corollary 13.71 allows one to view the Fourier-Mukai duality in Theorem [B] as a classical 
limit of the geometric Langlands correspondence: under this duality, the structure sheaves 
of gerby points on Tiiggs are transformed into coherent sheaves on the space L Higgs (or 
equivaently Higgs sheaves on L Bun) which are eigensheaves for the Hecke correspondences. 
The construction of abelianized Hecke eigensheaves, mostly in the case G = GL(r), was 
discussed by one of us (R.D.) in several talks in 1990. 

Several topological results that are needed in our proof are collected in section HI The 
main result of that section is an explicit formula for the cocharacters of the Hitchin Prym. 

Several special cases of our result are already known. Hausel and Thaddeus |HT03 
considered the case G = SL(n), L G = FGL(n). They also showed the equality of stringy 
Hodge numbers for these Langlands-dual Hitchin systems and discussed the relationship 
to mirror symmetry for hyper-Kahler manifolds. The general duality of Hitchin systems 
is the starting point of Arinkin's approach [AriQ2] to the quasi-classical geometric Lang- 
lands correspondence. This approach was recently utilized by Bezrukavnikov and Braverman 
BB06b who proved the geometric Langlands correspondence for curves over finite fields and 



G = L G = GL„. As explained in BJSV95 , KW06J, the duality of the gerbes Tiiggs and 
L Tiiggs proven in Theorem IBl was expected to hold on physical grounds. 

Acknowledgments: We would like to thank Edward Witten for encouraging us to complete 
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project [DDP05 . We also thank Dennis Gaitsgory and Constantin Teleman for patiently 
answering our questions and for providing valuable technical advice. The work of Ron Donagi 
was supported by the NSF grant DMS 0104354. The work of Tony Pantev was supported by 
the NSF grant DMS 0403884. Both authors were supported by the NSF Focused Research 
Grant DMS 0139799. 



2 Duality of Hitchin fibers 

In this section we formulate and prove the main duality result for Hitchin Pryms. 

2.1 Recollections and notation 

2.1.1. Let G be an simple complex qlgebraic group and let L G be the Langlads dual complex 
group. The Lie algebras of G and L G will be denoted by g and L g. We fix maximal tori 
T C G and L T C L G and denote the corresponding Cartan subalgebras by t C g and 
L t C L g. We will also write Tr C Gr and l Tr C l Gr for the compact real forms of the 
complex groups and 1r C 0r and l Ir C l 0r will denote the corresponding real Lie algebras. 
We denote the space of C-linear functions on t by t v , and the space of IR-linear functions on 
t]R by tj£. Langlands duality gives an isomorphism t v = L l which is compatible with the real 
structure. We fix this isomorphism once and for all. We will also write W for the isomorphic 
Weyl groups of G and L G. 

We denote the natural pairing between t and t v by (•, •) : t v (8> t — > C, while we write 
(•,•): t £g> t — > C for a Killing form on t. For any group G we have a natural collection of 
lattices 

root c char G C weight c t v 

corootg c cochar G C coweight g c t. 

Here root C weight C t v are the root and weight lattice corresponding to the root system 
on g and char G = Hom(T, C x ) = Hom(T K , S 1 ) is the character lattice of G. Analogously, 

coroot g = {x E i | (weight g , x) C Z} = weighty 
coweight g = {x G t| (root g ,x) CZ} = ro °tg 

are the coroot and coweight lattices of G, and 

cochar G = Hom(C x ,T) = Hom(S 1 ,T R ) = {x G t| (char G ,x) CZ} = char G 

is the cocharacter lattice of G. 

The Langlands duality isomorphism L t v = t identifies root[Lg] = corootg, char[L G ] = 
cochar G , and weightpg] = coweight g . To every root a G root of g one associates in a 
standard way a coroot a v G corootg, given by the formula (»,a v ) := 2(a, •) / (a, a) . Under 
the identification root[L ] = corootg the root system of L g is mapped to the system of coroots 
of g so that the short and long roots get exchanged. 

2.1.2. Let C be a smooth compact complex curve of genus g > 0. Let h : Higgs — > 
B and L h : L Higgs — > L B denote the Hitchin integrable systems for C and G and L G 
respectively. Recall |Hit87j that the total space Higgs parametrizes semistable .K" G -valued 
principal G-Higgs bundles on C. The base B can be identified with the space of sections 
H°(C, (K c <S> t)/W). Its points b G B correspond to certain VT-Galois covers pb : (7 b — > C of 
C called cameral covers, see |F^l93l IDoH98l IDon95L HTTT02| . 



The Hitchin fiber h~ l (b) is, in general, disconnected but all of its connected components 
are torsors over a generalized Prym variety Pb naturally associated with the cover pb : C& — > C 
|Fal93t IDon93| IDG02| |DDP05j. If G is a classical group the fibers of the Hitchin map can 
be described |Hit87j as torsors over a generalized Prym variety attached to a (non-Galois) 
spectral cover pb : C p — »■ C. 

The connected components of the space Higgs are labeled by the topological types of 
Higgs bundles, which in turn are labeled by elements in H 2 (C,tti(G)) = 7Ti(G). The com- 
ponent Higgs corresponding to the neutral element parametrizes G-Higgs bundles which 
are induced from G sc -Higgs bundles on C, where G sc is the universal cover group of G. The 
restriction of h to this neutral component always admits a section (determined by the choice 
of a theta characteristic on the curve C). 

The ramification divisor Df, C Cj of a cameral cover pb : C& — > C is a disjoint union 
Db = Y[ a D® of subdivisors labeled by the roots of q |DG02j . We will say that a cameral 
cover pb : Cb — > C has a simple Galois ramification if all ramification points x G Db C Cb of 
p have ramification index one. We will denote the universal cameral cover c & — > B x C . The 
discriminant A C B is the locus of all b for which p b : Cb ^ C does not have simple Galois 
ramification. 

2.1.3. For a finitely generated abelian group H we will write H t0 rs C H for the torsion sub- 
group of H; Htf := H/Htors for the maximal torsion free quotient of if; H v := Hom^(-fi, Z) 
for the dual finitely generated group; ii t o rs := Hom z (if tors , 5* 1 ) for the Pontryagin dual of 
the torsion group H tOTS . 

2.2 Duality for cameral Prym varieties 

Theorem A Let G be a simple complex group, L G the Langlands dual complex group, and 
C a smooth curve of genus g > 0. 

(1) There is an isomorphism I : B — ► L B, from the base of the G-Hitchin system to the 
base of the L G-Hitchin system, which is uniquely determined up to overall scalar, and 
is such that: 

• I preserves discriminants: 1(A) = L A. 

• I lifts to an isomorphism £ : "io — > Lc € between the universal cameral covers of C. 

(2) For b G B — A there exists a duality of the corresponding G and L G Hitchin fibers, 
given by an isomorphism of polarized abelian varieties 



k: R — ^ L P, 



i(b), 



where P denotes the dual abelian variety of P. The isomorphism ^ is the restriction 
of a global duality o/Higgs and L Higgs over B — A. 



Remark 2.1 Given two isomorphic Lie algebras g, g', there is a canonical isomorphism 
W = W between their Weyl groups and an isomorphism t = t' between their Cartan 
subalgebras, taking roots to roots and intertwining the Weyl actions. This isomorphism is 
unique up to the action of W. For Langlands self-dual algebras, this gives a canonical choice 
of the Killing form such that the composition t — > t v = L i = t sends short roots to long 
roots. The resulting automorphism of t is in W if q is simply laced (i.e. of type ADE) but 
not otherwise (types FG), since it sends long roots to a multiple (greater than 1) of the short 
roots. The induced automorphism of the base B of the Hitchin system then will be the 
identity for types ADE but not for types FG. The action of these non-trivial automorphisms 
of the Hitchin space was recently identified IAKS05J as an ^-duality transformation in A^ = 4 
gauge theories compatible with a T-duality transformation upon embedding in string theory. 

Proof of Theorem E] (1) Recall that B = H°(C, (K c ® t)/W) and similarly L B = 
H°(C, (Kq< ® L t)/W). The choice of a Killing form gives an isomorphism k : tP>t v = L t 
compatible with the H^-action and taking reflection hyperplanes in t to reflection hyperplanes 
in H. Therefore the isomorpism I : H°(C, (K c <g> t)/W) -> H°(C, (K c ® L t)/W) induced 
from k will preserve discriminants. 

The isomorphism k globalizes to a commutative diagram of bundles over C: 

K c ®i ^K c ® L t 

{K c ® t)/W ldKc ®\ ( Kc g, L t y w 

The universal cameral covers ^ and Lc € are the pullbacks of the columns of this diagram by 
the natural evaluation maps 

H°(C, (K c ® t)/W) x C tot(K c ® t)/W 

H°(C, (K c O L t)/W) x C tot(K c ® L i)/W. 

The isomorphism £ : ^ — > Lc & is then induced by the isomorphism in the top row of the 
diagram. 

(2) In order to avoid too many exceptional cases in the exposition, we will from now on 
exclude the case when G is of type Ai. This case is well understood and recorded in the 
literature, see e.g. |HT()3] . |DDD+05| . 



Let b G B — A and let C = %, be the corresponding cameral cover of C, which from 
now on we identify with the cameral cover ^io,) via the isomorphism £. We will denote the 
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covering map by p : C — > C. Let TcGbe the maximal torus of G and let A := cocharc 
Hom(C x ,T) be the corresponding cocharacter lattice. 
Two sheaves of commutative groups 



x\W 



T=her(p- 1 (U),A®0^) w 



for every root a of g 
we have a(t)\D°> = 1 



were introduced in |D(t 02j. In the above formula we identify A <g> C x with T and we view 
a root a as a homomorphism a : T — ► C x . The divisor D a C C is the fixed divisor for the 
reflection p a E W corresponding to a. To these we now add a third group scheme T°, the 
connected component of T. 

It will be convenient to introduce real forms 7^, 7r, and Tr which are defined in the 
same way but with the holomorphic sheaf O- replaced by the constant real sheaf S 1 . 

By definition we have sheaf inclusions T E ° C 4 C Tr. At any x G C, which is not a 
branch point of p, the fibers of the three sheaves are equal to each other and non-canonically 
isomorphic to the compact torus 2r := AQ&S 1 . At a simple branch point s E C sitting under 
a ramification point in D a C C, the fibers are: 

T R , s = {A<g>0 |a v (z^) =linT M } 

(1) T RiS = {\®z\z^ = 1 in S 1 } 

T£ s = {A ® z | (a, A) = in Z} 

It was shown in [DG02] that the Hitchin fiber over 6 is a torsor over the group H l (C, T). 
To carry out the comparison with the Hitchin fiber for L G, we will also make use the complex 
algebraic groups H l (C,T°) and if 1 (C, T). Our main tool will be the sheaves T£, 7r, and 
Tr. The point is that, as observed in [DDP05J . the sheaves T°, T, T have the same first 
cohomology as their real forms. We briefly recall the argument. The inclusion of groups 
S 1 C C x induces a natural inclusion of sheaves 

(2) v : A <g> S 1 <-+ A <g> C x 

We claim that z/ induces an isomorphism of commutative Lie groups 






h\v) : H\C, (p. (A (8) S 1 ))^) ff^C, (p*(A ® 0*)) 

H\C,T R ) H\C,T). 



Indeed, observe that H 1 ^, (p*(A ® S' 1 )) 14 ') is isogenous to H l (C,A <g> S 1 ^ and similarly 
/^(C, (p„(A ® 0£)) w ) is isogenoi 
/i 1 (z^) is compatible with the map 



H l {C, (p*(A (8) 0-))^) is isogenous to H X (C,A ® 0~) w . Under these isogenies the map 



/^(C, A <g> ^) w -> /^(C, A <g> 02) 



and so h l (v) has at most a finite kernel and a discrete cokernel. 

Let c be the cone of the map of sheaves (J2J). Since the constant sheaf C~ has a resolution 

fx 0X Qk 

V u c "c 

and since C x = S 1 x R, it follows that c is quasi-isomorphic to a complex of R- vector spaces 
on C with cohomology sheaves 7^°c = A ® £)~ (considered as a sheaf of M-vector spaces) 
and T^c = A ® R. This implies that 



c 



cone 



(^(AfcS^-MA®©*)) 



IV 



is a complex of sheaves of M-vector spaces on C and so its hypercohomology can not be a 
torsion group. This implies that h l (u) is an isomorphism. Next note that by our assumption 
of simple Galois ramification for p : C —>■ C and from the definitions of T and 7r, it follows 
that T/T is a sheaf of groups, which is supported at the branch points of p, and whose stalk 
at a branch point s is representable by the finite group T Ks /7k s . Using this fact and the 
isomorphism h 1 ^), we can compare the long exact cohomology sequences associated with 
-» T -»■ T -> T/T ->• and -»• 7^ -> T M -> T R /7i -> 0, to conclude that ff^C, 3i) = 
H l (C,T). The same reasoning also yields the identification H l (C,T^) = H 1 ^^ ). 

Recall that a root a for g determines a homomorphism (a, •) : A^ — > Z. We let e = Sq,^ 
be the positive generator of the image. We also define e y = e y a G := e a vL G . 

Lemma 2.2 (a) e a ,G = 2 when G = Sp(r) and a is a long root, and e^g = I in all other 
cases. Dually e y aG = 1 when G = SO(2r + 1) and a is a short root and e^ G = 1 in all 
other cases. 

(b) e a) G is characterized by the property that a/e a ,G is a primitive vector in A v . 

Proof, (a) This is standard and in fact the statement for e w a G was already noted in [ITG02J. 
The explicit argument goes as follows. Without loss of generality we may assume that a is a 
simple root. For any group G we have A G D corts , so for any root /3 we get (a, /3 V ) G (a, A G ). 
When (3 is simple we can read this number from the Dynkin diagram: 



2(a,f3) 
1 ,P } (A/?) 



' 2 when a = j3, 

—n when /3 is short and n edges connect a and /3, 

—1 when (3 is long and connected to a, 

otherwise. 



This shows that e ay o = 1 unless all roots (3 connected to a are short and connect to a by an 
even number of edges. This happens only when a is a long root and Q is of type C r . In the 
latter case we compute that (a, corts g ) = 2Z, while (a, cowts ) = Z. 



(b) Clearly if k is an integer and a/k G A v , then k divides £ Q) g- So we only need to check 
that for a long root a of Sp(r) we have that a/2 is in the weight lattice. But the root lattice 
for type C r has generators e% — e^ . . . , e r _i — e r , 2e r and the weight lattice has generators 
ei,e2, . . . ,e r . Again, up to a W^-action, we may assume that a is a simple root, i.e. that 
a = 2e r . Thus a/2 = e r which is indeed in the weight lattice. □ 



Consider the cover p : C — > C. We will denote the branch locus of this cover by 
S = {s±, . . . , Sb} C C. For each i — 1, . . . , b we will write «j for the root of q determined (up 
to W action) by Sj. Let Si := £ ai ,G and e{ := e£. G . We write j : C/ ^-> C for the inclusion 
of the complement, and p° : p _1 (f/) — > Z7 for the unramified part of p. Define a local system 
A on (7 by A := (p°A) w . Note that the fibers of A are non-canonically isomorphic to A. 
We can also consider L A = {p°{ L A)) w . The canonical identification L A = A v = Hom(A, Z) 
gives also an identification L A = A y = Hom(A, Z). 

Lemma 2.3 There are natural isomorphisms of sheaves T^ = (j*A) ® S 1 and 
Tk = ]*(A (g) S* 1 ), u>/w/e 7r is determined by the commutative diagram: 



| I 

— T R ° T R ®\= 1 %/e i — 

II J , I 

o - ^ — - r M — ^ ©! =1 z/ £ ^v — o 



Proof. Clearly the sheaves 7J^, T K , (j*A) <S> S 1 and j*(A (g) S 11 ) coincide on U. Since A is 
a local system we have (see Section E~T]) (j*A) s . = A pi , where Pi(\) = A — (aj,A)o^ is the 
reflection corresponding to «j. Similarly (j*(A ® 5 ,1 ))s i — (A <8> S' 1 ) Pi . The formula for the 
reflection pi and ((H) now imply that T£ s = (]*A) Si ® S* 1 and 7r iSj = (j*(A ® S v )) Si . 
On the stalk at Si the map £ is given by 

f (A ® ^) := z {ai/£i ' x) G jtt £ . £ y C S 1 . 

Here A* £i£ v C S* 1 denotes the roots of unity of order EiE/ . Since EiE^ divides 2, we have a 
natural identification /x £ . £ v = Z/ejffY . 

From (JTJ) we now deduce that 7^ = ker(£), and that 7^ = ker(e v o £), where 

e v : ©J =1 Z/e i£ Y -> ©Li^M 
is the map which multiplies the z'-th summand by e\ . □ 



Claim 2.4 (i) The connected components P° , P, P of H X {C,T°), H l (C,T), H\C,T) 
are abelian varieties. The natural maps -ff 1 (C, T°) — > i/ 1 (C, T) — > H 1 (C,T) and 
P° — > P — > P are surjective. 

(ii) T/ie group of connected components of H 1 (C,T°) is Z/2 /or G = Sp(r) and zs TTi(G) 
otherwise. 

(iii) XTie group of connected components of H l (C,T) is always 7Ti(G) ; so t/ie components 
of the fiber of h : Higgs — ► B are in one-to-one correspondence with the components 
of the G-Hitchin Higgs system itself. 

Proof, (i) We already noted that the connected component of i/^C, T) is an abelian 
variety, and that T /T and T /T° have finite supports and fibers which are finite groups. It 
follows that H l (C,T°) and ^(C^T) map to H X {C,T) surjectively with finite kernels. In 
particlular the connected components of H X {C : T°) and H X {C, T) are also abelian varieties. 

(ii) Consider the exponential sequence 0— > Z — > IR — > S* 1 ^ of constant sheaves on C . 
Tensoring with j*A gives 

lbriO*A S l )^+]*A *{3.A) <8> R -T° -0. 

The sheaf TQIiO*A >S' 1 ) i s supported on S while ]*A has no compactly supported sections. 
Therefore d = and we get a short exact sequence 

^H\j*A <g> S 1 )/^ 1 ^) >H\C,T£) ^H\C, j*A) -0. 

The group of connected components of H l (C,T^) is therefore H 2 (C,j*A), which can be 
identified (see Lemma I4.4J) with H 1 ^, A 



V\A 



/tor' 



As we will see in Corollary 14.71 

(A v ) 6 



H\U,A 



tor 



[1-px,!- p 2 ,...,l -pb)A 



v 

tor 



For any inclusion of lattices iV C M, the torsion in M/N is equal to the quotient N' /N 
where N' := {m G M\k ■ m G N for some k ^ G Z} is the saturation of AT in M. In our 
case N = A v , while the saturation is 

N' = {£ G t v | (£, a v ) • a G A v for every root a} . 

This holds since our genericity assumption on C implies that D a C C is non-empty for every 
root a. Using the characterization of e a ^ in Lemma f2.2f b^ we see that £ G AT' if and only if 

£ a,G(£,, « v ) £ Z for all roots a. In case G = Sp(r) we see that N' contains the weight lattice 
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as a sublattice of index two. Explicitly the weight lattice is generated by ei, . . . , e r and N' 
is spanned by the e^'s and the additional vector ~ Y7i=i e i- For all other G, all e's are 1, so 
A/ 7 is the weight lattice. We conclude that 

^w-4 v w = ( z/2 v A - h »° = spM 

|wts /A^ = 7n(G) A for all other G. 
This completes the proof of (ii). 

(iii) As we saw in Lemma (2.31 we have T° = T except when G = Sp(r). In the latter case 
the fiber of the Hitchin map was shown to be connected in |Hit87j , using an interpretation 
via spectral covers. □ 



In general for any compact torus P we define the cocharacter lattice cochar(P) as the lattice 
of homomorphisms from the circle S 1 to P. We recover P as cochar(P) <g> S 1 . 

Claim 2.5 (i) There is a natural isomorphism cochar(P°) = H 1 (C,j*A) t f. 

(i) There is a natural isomorphism cochar(P) = H 1 (C,j*A s/ ) v . 
(iii) The map ( : cochar(P) — » ®\ = (Ljeie( induced from the map £ in Lemma \2. , 6 J\ satisfies 

ker(C) = cochar(P°) 
ker(e v o () = cochar(P). 

Proof, (i) By Lemma ESI we know that 7^ = (j*A) ® S 1 . As in the proof of Claim EH (ii), 

we tensor the exponential sequence for S 1 by j*A and we get 

ToTiO.4 S l )^+]*A *j.A ® R -T M ° -0. 

Again the sheaf TQL l(j*A, S 1 ) is supported on S while j*A has no compactly supported 
sections. Therefore d = and we get a short exact sequence 

P 1 {j*A) ® S 1 P 1 (C, T°) P 2 (C, j*A) 0. 

Since H 2 (C,j*A) is finite and P 1 ^*^) ® S" 1 is connected, it follows that P° = P x (j*A) ® S 1 , 
or equivalently cochar(P°) = P 1 (C,j*A) t f. 

(ii) Start with the Leray spectral sequence (aka Mayer- Vietoris) for the inclusion j : U C C 
and the sheaf A. It gives 

-+ H\C, j, A) -+ P X (P, A) -► Q -► 0, 
11 



where Q = ker(H°(R 1 j„ : A) — > H 2 (j*A)) (see Section |4~T1 for details). We tensor this sequence 
with S 1 and map to the Leray sequence for j and A <g) S 1 : 

Qtor H l (C, j*A) ® S 1 iP^C/, A) ® S 1 Q S 1 

j \_ r II 

ff^C, T R ) H\U, A <g> S 1 ) Q ® S 1 0. 

Recall that P is the connected component of P/^C, 7"k) and that by Lemma 12.31 we have 
T M = j^A^S 1 ). It follows that P can be identified with the image im [P° -► fl' 1 (C7', A) ® S 1 ]. 
In particular, on character lattices we get 

charP = im [H\U,A) V -» charP° = ff^C,^) 7 ] = P^C, j*A v ) tf , 

where the last equality follows from Corollary 14.51 

(iii) This is immediate from parts (i) and (ii) and the commutative diagram of sheaves in 
Lemma 12.31 □ 

The statement of the previous claim can be organized in a diagram: 

H l (C,j*A) tt C cochar(P) C H\C,j^y 

\ \ I 

C ©tiZ/eY C QWL/e^. 

Writing the analogous diagram for L G and dualizing gives 

H\C,j*A) ti c cochar( L P) v C P 1 (C,j^ v ) v 

\ \ \ 

C @\ = {LJEi C ® b i=1 Z/s i£ l 

This gives the desired isomorphism cochar(P) = cochar( L P) v . As noted in Corollary 14.51 
this isomorphsim is compatible with the Poincare duality map for the cohomologies of A 
and A v on U. Finally, the Leray spectral sequence for p : C —>■ C allows us to identify 
the universal covers of P and L P with the complex vector spaces iP(C, A £g> Og) w and 
H 1 (C,A V ® 0(j) w . In particular, the isomorphism cochar(P) = cochar( L P) v is compatible 
with the Serre duality isomorphism H X {C ', A <g> Og) and P^C, A v £g> Og) y and hence induces 
an isomorphism between the polarized abelian varieties P and L P. □ 

3 Duality for Higgs gerbes 

In this section we extend the duality of cameral Pryms established in Theorem 1X1 to a more 
general duality for the stacks of Higgs bundles, considered as families of stacky groups over 
the Hitchin base. 
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3.1 Triviality 



The moduli stack of G-Higgs bundles on C was defined and studied in detail in [DG02J . We 
briefly recall the highlights of that discussion. Let 



^B xC 




denote the universal cameral cover. In |DG02j the authors introduced a sheaf T of abelian 
groups on £> x C, defined as 

^/ tt n f „ ( i /Trt • „v\^ for every root a of a] 

Tip) = |* € r (p-ao, a » oj) we hav / a(f)|D „ = ! S } . 

It was shown in [DGQ2J that relatively over the Hitchin base the stack Tiiggs of Higgs 
bundles is a banded T-gerbe. Informally, this means that the sheaf of groups for which 
Tiiggs is a gerbe is T itself rather than a more general sheaf of groups which is only locally 
isomorphic to T . Equivalently, when viewed as a stack over the Hitchin base, Tiiggs is a 
torsor over the commutative group stack Tors? parametrizing T-torsors along the fibers of 
7r : B x C — > B. This description is valid for Higgs bundles over a base variety of arbitrary 
dimension. When the base is a compact curve, the picture can be made even more precise. 

Lemma 3.1 Let C be a smooth compact curve and let Tiiggs be the moduli stack of G -Higgs 
bundles on C . 

(a) The commutative group stack Tors? parametrizing the T-torsors along the fibers of tt 
is isomorphic to the Picard stack associated (see ISGAl Section 1.4 of Expose XVIII]) 
with the amplitude one complex i?*7r*T[l] of abelian sheaves on B. 

(b) There exists an isomorphism Tiiggs = Tors? of stacks over B. 

Proof, (a) This follows from the fact n : B x C —>■ B is smooth of relative dimension one, 
the standard description of torsors in terms of Cech cocylces, and the definition (see SGA, 
Section 1.4 of Expose XVIII]) of a Picard stack associated with an amplitude one complex 
of abelian sheaves. 

(b) By [DG02, Theorem 4.4] the stack Tiiggs is a torsor over the commutative group stack 
Ibrsq-- Thus to get the isomorphism Tiiggs = Tors?, it suffices to show that the stacky 
Hitchin fibration h : Tiiggs — > B admits a section. This is due to Hitchin who in [Hit 9 2 
constructed a family of holomorphic sections of h : Tiiggs — > B induced from a Kostant 
section of the Chevalley map g — > q/G = t/W. Since these sections play a prominent role 
in what follows, we briefly recall Hitchin's construction. 

Let {e,f,g} C g be any prinicipal s[ 2 triple in g. This means that e,f,g span a Lie 
subalgebra in g isomorphic to sl 2 (C), and that e and / are regular nilpotent elements of 
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g. Let <£(e) C g be the centralizer of the element e in the algebra g. Consider the linear 
coset / + C(e) = {/ + x|x £ £(e)}. In [Kos63j Kostant showed that the map g — > t/W 
becomes an isomorphism, when restrictited to / + €(e). Thus / + €(e) is a section for the 
Chevalley projection. By construction this section consists of regular elements in g and is a 
generalizaton of the rational canonical form of a matrix. 

Fix a Kostant section k : t/W — > g, corresponding to an s[ 2 -triple in g. The inclusion 
of the sl 2 -triple in g induces a group homomorphism g : SL 2 (C) — ► G. Let C £ Pic 9 ~ 1 (C), 
£<s>2 _ j^ c k e a theta characteristic on C. Consider the frame bundle Isom fC © C -1 ; O® 2 ) of 
the vector bundle C © C _1 on C. This is a principal SL 2 (C)-bundle which via g gives rise 
to an associated principal G bundle P := Isom fC © C" 1 , C® 2 ) x e G on C. Recall that the 
Hitchin base P is the space of sections of the bundle (Kq © t)/W on C. Let L/" denote the 
total space of the bundle (K c © t)/W, and let it : J7 — »■ C be the natural projection. We 
have 

ad(u*P) = u* ad(P) = M*Isom(C © C\ C® 2 ) x ad( ,) g. 

In |Hit92j Hitchin checked that the Kostant section k : t/W — > g induces a well defined 
section tp £ H°(U, ad(w*P) © u*K c ) and hence a M*i^c- va hied Higgs bundle (u*P, <p) on [7. 
Pulling back this Higgs bundle by the sections b £ B = H°(C, U), one gets a family of Higgs 
bundles on C, parameterized by B. We will call the resulting section of h : Ttiggs — » P the 
Hitchin section and denote it by : P — >• Ttiggs. □ 



3.2 Stabilizers, components, and universal bundles 

From now on, we restrict our attention to the open substack of Higgs consisting of stable 
G-Higgs bundles whose authomorphism group is the minimal possible, i.e. coincides with 
the center of G. The Hitchin fiber for a cameral cover in B — A consists only of stable Higgs 
bundles, and in fact each Higgs bundle in such fiber has minimal automorphism group: 

Lemma 3.2 (i) T-iiggs, B A is a smooth Deligne-Mumford stack with a coarse moduli 
space HiggS| B _ A . // we view 7~tiggs\ B _ A as a group stack, then the group of 
connected components, as well as the connected components of each fiber of 
h : Ttiggs, B A —> (B — A) are canonically isomorphic to 7Ti(G). 

(ii) Tiiggs\ B A is a banded Z{G)-gerbe over HiggS| B _ A which is locally trivial over B — A. 
In particular the restriction ofTtiggsi B _ A to a Hitchin fiber is a trivial gerbe. 

(iii) The gerbe 7~tiggsi B _ A — > HiggSi B _ A measures the obstruction to lifting the universal 
G a a-Higgs bundle to a universal G-Higgs bundle. 



Proof, (i) It is well known |Sim94t ISim95j that the stack Ttiggs of G-Higgs bundles 



is an Artin algebraic stack with an affine diagonal which is locally of finite type. The 
substack of semistable Higgs bundles is of finite type and has a quasi-projective moduli space. 
The statement about the connected components is now automatic, since ^G{Ttiggs\ B _ / s) = 
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7r (HiggSi B _ A ) and the connected components of HiggSi B _ A and the corresponding Hitchin 
fibers were already described in Claim l2~4T ii). 

It is also known [Sim95t 1BD03J that the stack Tiiggs is a local complete intersection 
which is smooth at all points with finite stabilizers. Therefore it suffices to show that 
Tiiggs, B _ A parametrizes Higgs bundles with minimal automorphism group. In [Fal93, The- 
orem III. 2] Faltings showed that B contains a Zariski open and dense subset B° C B, such 
that Tiiggs, B o parametrizes only stable Higgs bundles with autmorphism group Z(G). We 
will give a direct argument for this over B — A, i.e. we will show that B° D B — A. 

Fix a point b G (B — A) and let p : C — > C be the corresponding cameral cover. 
We must show that every object in the groupoid Tiiggs q := fo -1 (6) has automorphism 
group Z(G). As explained in Lemma l3~Tl Tiiggs^ is the groupoid of 77g-torsors, and hence 
the automorphism group of any object in Tiiggs^ is isomorphic to the cohomology group 
H°(C, T\q)- By the argument we used in the proof of Theorem IAT 2) we have isomorhisms 
H°{C,T) = H {C,T R ), H°{C,T ) = H°{C,T^), H°{C,T) = H°{C,T R ). Thus it suffices 
to compute H°(C, 7r). We start by calculating the global sections of 7^ = (j*A) <E> S 1 . As 
in the proof of Claim l2~^lf ii) we get a short exact sequence of sheaves on C: 

-»• j,A -»• (j*A) <g> R -»■ (j,A) ® S 1 -»• 0. 

Passing to cohomology, and taking into account that H°(C ',j*A) = and H°(C, (j*v4)£g>R) = 
H°(C,j*A) ® R = 0, we get that 

tf°(C,T R °) = ker [/^(O,^) - ^(C^A 

= J ff 1 (C ; ,j^) tor . 

The latter group can be calculated explicitly from Corollary 14.71 In the notation of Corol- 
lary 14. 71 let N denote the saturation of (1 — pi, . . . , 1 — p&)A inside @\ = {LeiOL( . Then 

H\C, h A) tov = N/{1 - Pl , . . . , 1 - Pb )A 

= {£ G t | (£, a) G Ea&TL for every root a} /A 

fz(G) ifG^Sp(r) 
" [0 ifG = Sp(r). 

From Lemma 12.31 we know that as long asG^ Sp(r) we have 7^ = 7r. This proves our 
claim for G 7^ Sp(r). For G = Sp(r), Lemma [2.31 gives a short exact sequence 

- r R ° -» r M -> ©tiZ/e< -> 0, 

and after passing to cohomology we get 

#°(C, T R ) = ker [©tiZ/e* - ^(C, T M °) 
= Z(Sp(r)) = Z/2, 
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where Z(Sp(r)) = Z/2 maps diagonally in ©f =1 Z/£j. This proves our assertion about the 
automorphisms of objects in TLiggs^, and finishes the proof of (i). 



(ii) As we saw above, the T torsors in 7iiggs\ B A all have automorphism groups isomorphic 



to Z(G), and so ?iiggs, B A is a Z(G)-gerbe on HiggSig A . In particular R n*T is a local 



system on B — A with fiber Z(G). However Z{G) = T w C T and so, by the definition of 
T we have a canonical inclusion of the constant sheaf Z(G) into T. Thus, every element in 
Z(G) gives rise to a global section of T on B x C, and hence to a global section of R°7r*T 
on B — A. This shows that i?°7r*T is the constant sheaf and so 7iiggSi B _ A is banded as a 

gerbe over HiggSi B _ A . Finally, note that locally over B — A, the universal cameral cover ^ 
admits a section. The stack of T-torsors which are framed along such a section is isomorhic 
to the space Higgs, which shows that the gerbe 7iiggsi B A is locally trivial over (B — A). 

(iii) This is completely analogous to the P SL(r) argument in [HT03|. Let G a a be the adjoint 
form of G. From part (ii) it follows that the stack of G at j-Higgs bundles that have cam- 
eral cover in B — A is actually a space, i.e. T^W9 s G ad \(B-A) = Higgs Gad |( B _ A ). Since 
the stack always has a universal bundle, we have a universal G at j-Higgs bundle (V, <p) 
on Higgs Gad |( B _ A ) xC. The natural map G — > G a d induces a morphism of spaces q : 
HiggS| B _ A — ► Higgs Gad |( B _ A ) and we can consider the pullback G a d-Higgs bundle q*(V, <p) 
on HiggS| B _ A . Since ker[G — > G a d] = Z(G), it follows that the obstruction to lifting q*(V, <p) 
to a G-Higgs bundle is simply the obstruction to the existence of an universal G-Higgs bun- 
dle on HiggS|( B _ A ) xC, i.e it is the gerbe / Higg&\m-A) x( ^- m particular, restricting to 
HiggS|( B _ A ) x{pt} we get the statement (iii). □ 



3.3 Global duality 

We are now ready to state the main result of this section. For any commutative group stack 
^T over B — A with zero section D : (B — A) — » 3C , we define the dual commutative group 

stack as 

-D 



$r u :=Rom r (%~,O x \l}). 



Geometrically 2£ is the stack of group extensions of S£ by O x , or equivalently, the 
stack parameterizing pairs (£, f), where £ is a translation invariant line bundle on JT, and 
f : 0*£ — > O is a trivialization of £ along the zero section of 2£ . 

With this notation we now have: 

Theorem B Let Tiiggs be the stack of G Higgs bundles on a curve C and let L 7iiggs be 
the stack of L G Higgs bundles on C . Use the isomorphism I : B — > L B from Theorem lAT 1 ) 

to identify B — A with L B — L A. Under this identification one has a canonical isomorphism 

(3) ( L niggs {B _ A ) D =* Higgs ]B A 
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of commutative group stacks over B — A. 

Proof. Here we only consider the parts of the stacks of Higgs bundles sitting over B — A. 
To simplify notation throughout the proof we will write TLiggs and L 7iiggs intead of 
7~tiggs\ B _ A and L Tiiggs\ B A We will use the abelianization of Higgs bundles described in 
DG02, Section 6] to define Hecke operators on the moduli stack of Higgs bundles. More 
precisely, for every /igA and x G C C if we will construct a canonical Hecke automorphism 
Sjf^x : Tiiggs ^ — > Tiiggs g. These automorphisms can be combined into a single map of 
stacks 

(4) Sj : Tiiggs x {B A) %f x A ^Tiiggs, 

which we will call the abelianized Hecke correspondence. This map induces a natural map 
on coarse moduli spaces which we will denote again by f). 

Let (V, tp) be a ifc-valued G-Higgs bundle with cameral cover p : C — » C, and let i£C, 
A G A. Informally S) takes the data ((V, p),x, A) to a new Higgs bundle (V, ip') having the 
same cameral cover p : C — > C, an underlying G-bundle V which is a modification of V at 
p(x) in the direction A, and a Higgs field <£>' which agrees with the original <p on C — {p(x)}. 

More formally, DG02, Theorem 6.4] establishes an equivalence between the groupoid of 
G-Higgs bundles on C with cameral cover C and a collection of data on C consisting of a 
ramification twisted H^-invariant T-bundle Jz? = «^(v» on C and some additional framing 
structures satisfying compatibility conditions. Now the point x G C determines the degree 
one C~ -bundle Oq(x), and the cocharacter A : C x — > T induces a T-bundle A (Oq(x)) on 

C. This T-bundle is not Vy-invariant. Instead we need 

S x ,x:= (g)(w\)(O d (wx)), 

which is a ly-equivariant T-bundle. By definition the map S) replaces the T-bundle S£ by 

S? := S? ® T S X)X 

which is ramification twisted H^-invariant, just like ££ . The framing structures carry over 
trivially (i.e. by tensoring with the identity on S x .\) to ££' , and the necessary compatibilities 
are automatic as long as x G C is not a ramification point of p : C — > C. This defines the map 
Sj on the complement of the ramification in C and hence everywhere since we are working 
with a smooth curve. 

Let now t> : (B — A) — > Tiiggs be a Hitchin section. By applying the Hecke map ft to t> 
we get Higgs bundle versions of the Abel-Jacobi map: 



a f 






Tiiggs 



Higgs . 
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We will use the Langlands dual version of this map to identify 
a Hitchin section L o : (B — A) — ► L Higgs and let 



"Higgs 



,D 



Higgs. Fix 



aj 



' G : <€ x A v 



Higgs 



be the corresponing Abel-Jacobi map. If we view ( L Higgs) D as the stack of translation 
invariant line bundles on L 7iiggs which are framed along the Hitchin section L t>, then 
pulling back via a) gives a map from ( L Higgs) D to the stack of line bundles on ^f x A v , 
or equivalently to the stack Bun? of T-bundles on c tf. 

If a translation invariant line bundle £ on L 7iiggs comes from a translation invariant 

we know from Theo- 

■ L G\ 



line bundle L on Higgs (i.e. if £ has weight zero on Higgs) 



rem |X] and translation invariance that the T-bundle (aj )*£ = (aj U )*L comes from a 
Higgs bundle in the neutral component Higgs Q . In general the weights of the line bun- 
dles on the Z( L G)-gerbe L Higgs are indexed by the group Z( L G) A = iti(G), i.e. by the 
connected components of Higgs. If x G C and a point A G A, note that the Hecke op- 
erator S) x x '■ Higgs^ ~~ > Higgs^, shifts the components of Higgs^ by the image of A 
in 71"! (G) = A/coroot . In particular, any component of Higgs ^ can be reached from the 
neutral one by applying a suitable Hecke operator. So, to prove our theorem, it suffices 
to construct canonical translation invariant line bundles Z Xt \ on L Higgs^ which make the 
following diagram strictly commutative: 



Higgs 



\D 



O 



®£ x 



Higgs 



\D 



O 



(ai G r 



(*r u r 



Burin 



& 



cv>r 



®s x 



Bun 



T^, 



X, 



-<y,v) 



{v, v y 



<V, V ) 



Higgs d 

f 

Higgs d 



In other words, we must find line bundles £ Xi \ on L Higgs such that the line bundle 
(aj G )*£r,A on C x A v , interpretted as a T-bundle on C, should equal S X) \. 

Next note that by Lemma ETT1 the choice of the Hitchin section L t> identifies L Higgs with 
the group stack over B — A associated with R'ir^( L T)[l}, and similarly identifies L Higgs 
with the commutative group scheme on B — A representing the sheaf -R 1 7r*( L T). The sheaf 



inclusion L T C L T induces natural maps of complexes of abelian sheaves on B — A: 
(5) R'ix, ( L T) fl-Tr. ( L T) 




-i w 



p. (a v ® o| 

I 

i?'7T* (p* (V ® OJ 

j Leray 
i2*7T* (A V ® Oj) 

(tf'^Oj) <g> A v 



Vic(tf/(B - A)) <g> A v . 

The map labelled "Leray" comes from the Leray spectral sequence for p : ^ -> (B x C) and 
is an isomorphism because p is finite. 

The composite map L a : R'Tt*( L T) — > T > ic{ c tf/B — A) ® A v induces a morphism of stacks 

L a : L 7iiggs -> Vic(tf/(B - A)) ® A v = Bun T , 

where Surix denotes the stack parametrizing T-bundles along the fibers of if : *€ — > (B — A). 
Similarly, if in diagram © we replace R'tt* with R 1 ^* we get a composite map 
L a : i? 1 7r^( L T) — > Picffi/B — A) ® A v which induces a morphism of spaces 

L a : L Higgs -> Pic(tf/(.B - A)) ® A v = Bun T . 

Combining these maps with the Abel-Jacobi maps for Higgs bundles we get commutative 
diagrams 



(6) ?xA v 



>■ L Uiggs 

Vic(&/(B-A))®A S 



and 



?xA v * L Higgs 

Pic(^/(S - A)) ® A N 



aj x id 



Burial 



aj X id 



Bun^ 



where aj : ^ —» 'Pic( c & /(B — A)) denotes the classical Abel-Jacobi map, sending a point 
i6(7to the line bundle Oq(x) of degree one on C . 

We are now ready to construct the line bundles £ x< \ on L 7iiggs given by x G C, A G A. 
For this we will use the well known fact that the Picard gerbe on any smooth family of 
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curves is self-dual. Note that this is precisely our Theorem FBI in the abelian case G = C x . 
More precisely, for any smooth compact complex curve E, there exists a Poincare sheaf on 
T'ic(S) x 'Pic(E) which induces a canonical isomorphism ('P*c(£)) Z) = 'Pic(S). In fact 
this isomorphism is induced by the classical Abel-Jacobi map aj : X — ► 7- > ic(£): 

aj* : (Pic(S)) D -► Ptc(E). 

We apply this to the curve C and cross with A v to get an induced isomorphism 

(aj x id)* : (Vic(C) x A V ) D 4 Bun T {C). 

In particular, for every x G C and any A G A we can find a canonical translation invariant 
line bundle L> x ,x on "Pic(C) x A v such that (aj x id)*L X) A = S x ,\- To finish the proof we set 

£x,\ '■= <* ^x,x 
and invoke the commutative diagram (jBJ) to get the desired identity 

(af G )*Z x>x = (aj LG )* a*h x , x = (aj x id)*L x . A = S x<x . 
This concludes the proof of the theorem. □ 

The previous duality result extends readily to general reductive groups. 



Corollary 3.3 Let G be a connected complex reductive group, let L G be the Langlands 
dual reductive group, and let C be a smooth compact complex curve. Write 7tiggs G and 
7tiggs,L G \ for the stacks of Kq -valued Higgs bundles on C with structure group G and L G 
respectively. Then there is an isomorphism I : B ^> L B of the respective Hitchin bases which 
gives an identification B — A = L B — L A. Under this identification one has a canonical 
isomorphism 

(niggs {LG) ) = Higgs G 

of commutative group stacks over B — A. 

Proof. Since G is connected and reductive, we can always include G in a short exact 
sequence 

(7) 1 ^K M2 x H MG ^1, 

where K is a finite abelian group, G = Yii=i G% i s a product of complex simple groups, and 
H = (C x ) b is an affine complex torus. Passing to Langlands duals gives the sequence 

(8) 1 ^K A - L G - L G x L H -1. 



Next observe that the construction of the Hitchin base, the formation of the moduli stack 
of Higgs bundles, the definition of the sheaf T, as well as the operations L («) and (») D , all 
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respect the operation of taking products of groups. Combined with Theorems |X] and |B1 
and with the standard selfduality of "Pic of a smooth curve, we get an identification of the 
Hitchin bases for G x H and L G x L H , as well as a global duality 

(9) {"HiggsL Gx L H ) = Higgs GxH . 

Also, since the Hitchin base depends only on the Lie algebra, and not on the Lie group, it 
follows that the identification of the Hitchin bases for G x H and L G x L H can be interpreted 
as the desired isomorphism B = L B. 

Furthermore, the definition of T gives short exact sequences of abelian sheaves on B x C: 

»■ K T G ®H *- T G *■ 

K A Tl g Tl g © L H 0. 

Applying i?7r*[l] to the first sequence we get a distinguished triangle in D b (B): 

(10) Rir m K[l]-l+Rir m T G [l] © Rk*H[1] >Rtt*T g [1] >Rir m K[2). 

Applying -RHom f-R7r *(•), O x ) to the second sequence, and taking into account the isomor- 
phism (jSJ), we get another triangle 
(11) 
REom (Rir*K A [l], G x )-^+Rir*T G [l] © Rit*H[l] ^{Rtt,Tl g [1]) d * REom (Rir*K A , O x ). 

Now Poincare duality on a smooth curve C identifies the cohomology of C with coefficients 
in K with the Pontryagin dual of the cohomology of C with coefficients in K A . In particular, 
it induces an isomorphism of complexes 

RRom (RTT*K A [l},O x ) = Rk*K[1] 

which clearly intertwines the maps g and L g. In particular the triangles (jlOj) and (|TT|) are 
isomorphic and so we have a quasi-somorphism 

{Rtx,Tl g [1]) d = R^%[1}. 

Passing to the associated stacks we obtain the statement of the corollary. 

The above argument can also be interpretted geometrically. It shows that the stacks 
(T-Ciggs LG ) D and 7iiggs G can both be realized as the quotient of the stack by the 
commutative group stack of X-torsors on e if. □ 

The duality isomorphisms in Theorem El and Corollary 13.31 respect all the additional struc- 
tures on the stacks of Higgs bundles. For instance they respect weight nitrations: 
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Remark 3.4 The isomorphism of group stacks ( L Ttiggs) D = 
compatible with the isomorphism of abelian schemes 



Ttiggs in the Theorem IH1 



Higgs c 



\D 



tp^P = Higgs , 



constructed in the proof of Theorem El(2). More precisely, if we use I to identify B — A 
with L B — L A, then the Hitchin fibrations allow us to view TLiggs and L TLiggs as Beilinson 
1-motives over B — A. This means that Ttiggs and L 7iiggs are commutative group stacks 
over B — A, which are naturally filtered, with graded pieces which are either abelian varieties, 
or finite abelian groups, or classifying stacks of finite abelian groups. The nitrations are given 
as 

W Q Ttiggs d W_i Ttiggs d W^ 2 'Higgs D 



Higgs 



Ttiggs^ 



BZ{G) 



respectively 



W ( L Higgs) D W^Ttiggs) D W^{ L Uiggs) d 
II II II 

L Higgs L Higgs BZ( L G) 

and the duality operation (m) : = Horn (•, Og[l]), is compatible with these nitrations. In 
particular (w) 15 transforms each filtered commutative group stack into a stack of the same 
type, and the isomorphism ( L Ttiggs) D = Ttiggs respects the nitrations. 

Concretely, the above nitrations give rise to short exact sequences of commutative group 
stacks over B — A: 



and 



** 



Ttiggs 

-BZ{G)- 

- Higgs 
*BZ(G)- 



- Ttiggs - 
Ttiggs 

- Higgs - 
Ttiggs - 



^i(G)- 
Higgs 



-7Tx(G9- 

Higgs 



-0 
0. 



Writing the same sequences for L Ttiggs and applying 



\D 



we get 



( L * D ) 



and 



: l ** d ) 



( L Higgs ) D ( L Ttiggs Q ) D 



Bin{ L G) A - 

-( L Higgs) D 

-fi7T 1 ( L G) A - 



[ L Ttiggs) 



D 



( L Ttiggs) D 

( L Higgs) D - 



-Z( L G) A — 
[ L Ttiggs ) D 



^Z( L G) A — 
( L Higgs ) D 



-0 

0. 



The fact that the isomorphism (jSJ) respects the nitrations is equivalent to showing that (J3J) 
induces an identification of short exact sequences (*) = ( L ** D ) (equivalently (**) = ( L * D ))- 
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Indeed, in the process of proving Theorem IBl we got compatible isomorphisms of commutative 
group stacks (or spaces): 

Higgs = ( L Higgs) D 



Higgs ^ ( L Higgs) D 



Higgs =* ( L Higgs ) D 

where in the top row we have the isomorphism (jHJ) from Theorem [0 and in the bottom 
row we have the isomorphism from Theorem [XK 2). This shows that the isomorphism (|5|) 
identifies the sequences (*) with the sequences ( L ** D ). 



Remark 3.5 The proof of Theorem 1X1 and the calculation in the proof of Lemma l3~2T i) sug- 
gest that the duality of Hitchin systems proven in Theorem iBl probably admits a refinement 
in the case when the simple group G is of type B r or C r . Indeed, the inclusion of sheaves 
T° C T C T gives rise to three stacky integrable systems over the Hitchin base B: 



rt/o 

Kq 



liiggs G 



H 



G 



7brsr° 



Tors-r 



IbrsY 



We also have the corresponding coarse moduli spaces, that again admit cohomological inter- 
pretation as H l (T£), H 1 (Tg) } and H 1 (Tg) respectively. These integrable systems coincide 
for all groups G ^ Sp(r), SO(2r + 1), and 



Higgs 



Spfr) 



n 



Sp(r) 



^SO(2r+l) — riW9 s SO (2r+l) ■ 

Now, the calculations in Claim E3](ii) and Lemma l3.2lf i^ give the following values for the 
stabilizer groups and the groups of connected components of these group stacks: 



and 



G 


H°(TS) 


H°(T G ) 


H°(T G ) 


Sp(r) 





Z(G) = Z/2 


Z{G) = Z/2 


SO(2r + l) 


Z(G) = 


Z(G) = 


Z/2 
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G 


MH\T£)) 


MH\r G )) 


MH^Tg)) 


Sp(r) 


1/2 


7Ti(G) =0 


7Ti(G) = 


S0(2r + 1) 


tti(G) = Z/2 


7Ti(G) = Z/2 






These values indicate that the duality statement (7iiggs LG ) D — 7iiggs G can be augmented 
to a duality (7i1 G ) D = Tic- I n fact, the above tables and the calculation of the cocharacter 
lattices of the Prym varieties P° and P in Claim 1231 show that the isomorphism {T~C° G ) 
Tic holds for the graded pieces with respect to the weight nitrations. 



\D 



3.4 Hecke eigensheaves 

Theorem iBl has some immediate corollaries. First, we get a categorical equivalence 

Corollary 3.6 Over B — A, there is a Fourier-Mukai type equivalence of derived categories 

c: D b (Higgs)^D b ( L Higgs) . 

Moreover, for every a G 7To(Higgs) = ni(G) = Z( L G) A , and every (3 G 7ro( L Higgs) = 
7Ti( L G) = Z(G) A , the functor c gives rise to a Fourier-Mukai equivalence 

D b c GjHiggsJ ^D b c ( Q L Higg S/3 ) 

for the derived categories of the induced O x -gerbes. 

Proof. The isomorphism © implies that the O x -gerbes Q L Higgs /3 and ^Higgs^ are com- 
patible, in the sense of |DP03j . In particular, the categorical equivalence statement from 
[DP03J implies the equivalence of derived categories D b c {l-Liggs ) = _D^( L Higgs). To get the 
full categorical duality D b ( L 7tiggs) = D b (7iiggs), one can combine (J3J) with the duality 
for representations of commutative group stacks described in Arinkin's appendix to JDP03 
(see also [BB06bJ), or invoke the recent result [BB06aJ of O.Ben-Bassat. In fact, Ben-Bassat's 
proof works in a much more general context and will imply the full categorical duality even 
over the discriminant A, as long as one can show that the Poincare sheaf on the cameral 
Pryms extends across A. □ 



As observed in Remark 13.41 the duality in Theorem El respects the weight nitrations on 
Ttiggs and L 7iiggs. In particular we have 7tiggs = ( L Higgs) D and so c restricts to a 
well defined equivalence 

c : D b c (Higgs )^D b ( L mggs). 

Finally, we have that the natural orthogonal spanning class of the category D b (7tiggs ) is 
transformed by c into the class of automorphic sheaves on L Higgs. This is precisely the sense 
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in which the categorical equivalence c can be thought of as a classical limit of the geometric 
Langlands correspondence. To spell this out, recall that in the proof of Theorem [0 we 
introduced abelianized Hecke correspondences 

% : L Higgs xC ^ L Higgs 

labelled by characters jjl G A v = char(T) of T. 

Corollary 3.7 Let (V, tp) be a topologically trivial G-Higgs bundle on C with a cameral cover 
p : C — ► C. The choice of (V, p) gives: 

• A ramification twisted W -invariant T -bundle ■Sf(y,<p) on C. 

• A representable structure morphism t : B Aut((V, ip)) — > TLiggs Q . 

Write 0(v jV ) := iJD 'b Aut((v,p)) f or the corresponding sheaf on 7iiggs . (This is nothing but 
the structure sheaf of the stacky point of7iiggs Q corresponding to (V,<p).) Then for every 
\x G A v we have a functorial isomorphism 

% (co(o(v*o)) = Co(o ( v^)) E(i {&(y,<p)) , 
i.e. Cq(o (y,<p)) is a Hecke eigensheaf with eigenvalue Jf(y tV ) . 

Proof. This is automatic from the definition of the Hecke correspondences, the abelianiza- 
tion procedure of [DG02, Theorem 6.4], and the fact that the categorical equivalence c is 
compatible with the usual Fourier-Mukai equivalence of Higgs and L Higgs . □ 

4 The topological structure of a cameral Prym 

In this section we discuss the cohomology groups describing the cocharacter lattices of cam- 
eral Prym varieties and the behavior of those groups under Poincare duality. Most of the 
material here is well known but we couldn't find it in the literature, in the form needed for 
the proof of Theorem 1X1 We include it here in an attempt to make the paper self-contained. 
The results in Section 14.21 are new. We give an explicit description of the cocharacter lattice 
of a cameral Prym in terms of the local monodromies of a cameral cover. We used this result 
in the proof of Claim 12.41 to analyze the connected components of the Hitchin fiber but is 
also of independent interest. 

4.1 Remarks on local system cohomology 

Let C be a smooth compact complex curve of genus g and let S = {sx, . . . , Sb} C C be a 
finite set of points. We write U := C — S for the complement of S and denote by i : S ^-> C 
and j : U ■=— > C the corresponding closed and open inclusions. We will also fix a base point 
oeU. 
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Let A be a local system on U of free abelian groups of rank r. Let A v := Hom z (A, Z[/) 
denote the dual local system. We want to understand the cohomology of j*A in concrete 
terms and to find the precise relationship between the cohomology of j*A and j*(A v ). This 
is all standard for local systems of vector spaces, see e.g. |Loo97j . but it requires some care 
for local system of free abelian groups. 

Suppose Si G S and let Sj G D t C C be a small disc centered at Sj and not containing 
any other point of S. Fix a point Oj G <9-Dj and let c, denote the loop starting and ending 
at Oj and traversing dDi once in the positive direction. Write mon(cj) : A 0i — > A 0i for the 
monodromy operator associated with q. Now, from the definition of the direct image and 
the fact that A is locally constant we get the following description of the stalk of j*A at sf. 

(j*A) Si = lim { H°(V nU,A)\ Si^V, V C C - open } 
= H°(Di-{ Si },A) 

— (J[ -\mon(c,)^ 

Here, as usual (A 0i ) mon( - C ^ := {a G A 0i \ mon(cj)(a) = a} denotes the invariants of the mon(cj)- 
action. 

To organize things better, we choose an ordered system of arcs {a>i} b i=l in C — U^ =1 Di 
which connect the base point o with each of the points Oj as in Figure ^ 




Figure 1: An arc system for S C C. 



A choice of an arc system yields a collection of elements 7, G tti(U, 0). Geometrically ji is 
the o-based loop in U obtained by tracing a«, followed by tracing q and then tracing back Oj 
in the opposite direction. Since parallel transport along a t identifies the stalks A and A . 
and conjugates the mondromy transformation mon(7j) into the monodromy transformation 
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mon(cj), it follows that we also have the identification 

{ h A) Si = (A )™*M 

for all S{ G S. To simplify notation we set pi := mon(7j). 

With this notation in place we are ready to analyze the cohomology of the sheaves A 
and j*A. First note that U is a smooth 2-manifold and so has homological dimension 2 with 
respect to compactly supported cohomology |Ive86l Section III. 9] or |Dim041 Section 3.1]. 
Also, since A is a locally constant sheaf, it can not have any compactly supported sections and 
so the only compactly supported cohomology groups of A that can be potentially non-zero 
are H^(U,A) and H 2 (U,A). On the other hand, since A is a local system, its cohomology 
is homotopy invariant. Taking into account the fact that U is homotopy equivalent to a 
bouquet of circles, we conclude that the only cohomology groups of A that are potentially 
non-zero are H°(U, A) and i? 1 (f/, A). Furthermore the following version of Poincare duality 
holds for these groups: 

Lemma 4.1 The cup product pairing 

TklTT A\ ** TT2-k(TT AV\ U - U2/TT A <* AV\ ■> K W 



(cup) H*(U, A) g> H 2 - k (U, A V )^+H 2 (U, A®A K 

induces a perfect pairing between the free abelian groups H 1 ^, A) t f and H^(U, A v ) t { . More- 
over H°(U,A) has no torsion and the cup product pairing ( jcupj ) induces a perfect pairing 
between H°(U, A) and H 2 (U, A v ) ti . 

Proof. We will use Verdier duality and the universal coefficients theorem. 

Since U is an orientable 2-manifold, the general Verdier dualiy |Ver95t IIve86| IGM03J on 
U yields an isomorphism in D(Z — mod): 

RRom z (RT c (U,A),Z) = REom Zu (A,Zu[2}). 
In particular we have isomorphisms of cohomology groups 

H k (RHom z (RT c (U, A),Z)) £ E^t k u +2 {A ) 'L U ). 

Furthermore, we can use the local-to-global spectral sequence 

HHUiExtlAAM) => Ext^(A^), 

to compute Ext^(A, Z[/) in terms of cohomology. Namely, since the stalks of A and Zy are 
free abelian groups of finite rank, it follows that Ext ^ r (A Zrr) = for all k > 1 and so the 
local-to-global spectral sequence degenerates at E 2 and yields isomorphisms 

Ext^j(A,Zu) = H k {U,A v ) 
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for all k > 0. In summary we have 

H°(U, A v ) = H°(RRom z (RT c (U, A), Z)) 
H\U,A y ) =H 1 (RRom z (RT c (U,A),Z)) 
H k {U,A y ) = H k (REom z (RT c (U,A),Z)) = 0, for all k > 2, 

where the vanishing for k > 2 follows from the homotopy invariance of cohomology with 
coefficients in a local system and the fact that U retracts onto a bouquet of circles. 

To compute the right hand side for k = and 1 we an either use the universal coeffi- 
cients theorem |God73t Theorem 5.4.2], |Dim04t Theorem 1.4.5], or argue directly as follows. 
Consider the complex of abelian groups 

R* := RHom z (RT c (U,A),Z). 

The universal coefficients spectral sequence is the spectral sequence associated with the 
stupid filtration on this complex. In this case it reads 

Ef = Ext p {H q c {U, A), Z) =► HP-i(R m ), 

or in combination with Verdier duality 

Ef = Ext p {H*{U, A), Z) =► H 2+p - q (U, A v ). 

Since Z has injective dimension one, this sequence degenerates at Ei and we get short exact 
sequences 

(12) Ext\H*(U, A), Z) H\V, A v ) — H X C {U, A) v 

Ext\H 3 c (U, A), Z) H°{U, A v ) -$L H 2 {U, A) v 0, 



where the maps (t) and ($) are induced from the cup product pairing ( jCtTp"| . 

Since Ext\H 2 (U, A), Z) = H 2 (U, A) t A ors , it follows that the torsion subgroup H\U, A v ) tors 
of i? 1 (f/, A y ) is equal to H 2 (U, A)£ ors , and hence the map (t) induces an isomorphism 

H\U,A^^Hl{U,AY. 

Taking into account the fact that H^(U, A) v = (Hl(U, ^4)tf) v we conclude that (jCupj) induces 
an isomorphism between the free abelian groups H 1 ^, A v ) t f and H^(U, A) t f. □ 



Next we will use this information to compute the cohomology of A and j^A explicitly in 
terms of the monodormy. We begin with a standard lemma: 

Lemma 4.2 The direct image sheaves R k ]*A can be described as follows: 
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(a) The sheaf j* A fits in a short exact sequence 

O^jA^ j, A - ® b l=1 AP; - 0, 
where j\ denotes the pushforward with compact supports. 

(b) The sheaf R 1 j*A satisfies 

R j*A = ® i=1 (A ) Pi , 

where (A ) Pi := A /(l — Pi)A denotes the group of coinvariants of the pi-action on A . 

(c) R k j m A = for allk>2. 

Proof. The usual gluing JBBD821 Section 1.4], JGM031 Chapter 4,Exercise 3] for the inclu- 

7 i 

sions U <— > C <-^ S yields a distinguished triangle 

j lJ - 1 F m ->F'->ui- 1 F m ^j l F'[l] 

defined for every F* G DiTLu — mod). 

Now take F* := Rj*A. Since the standard adjunction map j~ x Rj*A — > A is an isomor- 
phism, we get a distinguished triangle 

]\A -> Rj*A -> i^Rj^A -> jiA[l]. 

The induced long exact sequence of cohomology sheaves reads: 

J! A *- J, A *- Z^- 1 ^ 



R l j,A w-WfrA 



>■ R 2 j*A >■ i^lPjtA 



»-••■ 

This proves (a) and shows that 

R k 3*A = ®l 1 (R h j*A) Si 
for all k > 1. On the other hand we have 

(i? fe J*A) s . = lim { H k (V nU,A)\ s { eV, V C C - open } 

= H k (Di-{ Si },A) 

= H\c h A). 
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The cohomology H k (ci,A) can be computed either as group cohomology or as Cech coho- 
mology. In either interpretation, note that for k > 2 we have H k (ci,A) = for reasons of 
homological dimension. This proves (c). 

To prove (b) we will choose an open covering for Cj which is acyclic for A. We cover c, 
by two overlapping intervals I\ and I2 and we denote the two connected components of the 
intersection I\ := I\ fl I 2 by I\ 2 and I\ 2 . Without a loss of generality we may assume that 
the covering {J 1; I 2 } is chosen so that Oj G I\ 2 . The covering {/ l5 1 2 } is depicted on Figure|21 



s 
\ 
\ 
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Figure 2: The open cover {I 1 ,I 2 } of q. 

Since the intervals Ji, J2, ii 2 , anc ^ -^12 are contractible, it follows that A is a constant sheaf 
when restricted to any of these intervals. Consider the group 21 := A 0i and for any space Z 
write 2lz for the corresponding constant sheaf on Z. Now choose trivializations 

h x \A\ h ^VL h , 
and normalize the choice so that the maps 

/iiirl \A\t\ ^2lrl , 

± l i 12 I J 12 J 12' 

/loin :v4.i 7-1 ^Stri 

Z I J 12 l J 12 J 12 

coincide. (Note that this is always possible since every locally defined automorphism of the 
constant sheaf extends to a globally defined automorphism.) Now the gluing map 



h x o h 2 l : 2t /l2 -> 2tia 



is given explicitly as 



a /ia — = — - 21 



i~12 



Hji ©2l/i ^2l 7 i ©2l/i 

J 12 J 12 idec J 12 J 12 
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where r := Mon(q) is the monodromy of A for going once along q in the counterclockwise 
direction. 

Now the Cech complex computing the cohomology of A on q can be identified explicitly 

as 

C°(A) C\A) 

r(/ 1 , A) © r(/ 2 , A) ^t±i , r(/ 12 , A) 

r(il 2 ,A)®r(if 2 ,A) 

\h!®hi 

-2t©2l 





/ll©/l2 






1 

216 


3 21 


In particular we get 






^( 


which proves (b). 







(a,b)^->(b— a,t(b)— a) 

H\a,A) =2l r = 2l/(r-l)2l 



□ 



Remark 4.3 One can easily compute H k (ci,A) via group cohomology. Since q = S 1 = 
K(Z, 1) we have 

H k (c t ,A) = H k (7r,M), 

where n := 7Ti(q, o*) — Z, and M denotes the 7r module (21, r). Now the group ring Z[n] = 
Z[t] is a polynomial ring in one variable over Z and so Z has a two step resolution 

>Z[t] -^Z[t] -^Z ^0 

by free Z[tt] -modules. Here e : Z[t]Z is the augmentation map e(p(t)) := p(0), and d : Z[t] — > 
Z[t] is the map <9p(£) := (£ — l)p(t) of multiplication by £ — 1. In particular, for any 7r module 
M = (21, r) we can compute H'(ir, M) as the cohomology of the complex 

(degree 0) (degree 1) 

Hom w (Z[t], M) —^ Hom^(Z[t], M) 

21 - x >2l. 

In other words H°(ti, M) = 2T, H\ir, M) = 2t r , and H k (n, M) = for k > 2. 



As a consequence of the calculation of R k ]*A one immediately gets the following: 
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Lemma 4.4 The cohomology of the sheaf j* A satisfies: 

H°(C,j # A)=A^ u >°1 

H l (C,j*A) = im [Hl(U, A) -► H\U, A 

H 2 (c l3 ,A) ti = ((A^r^r 

H 2 (C,j*A) tor = H\U,A 



|V\A 
Aor- 



Proof. Using the short exact sequence in part (a) of Lemma 14.21 and taking into account 
the fact that H k (C, j\A) = H k (U,A) we get a long exact sequence in cohomology 

(13) H° C (U, A) H°(C, j, A) (BlMoY* 



H l c (U,A) »H\C,j.A) 



H 2 C (U,A) *H\C,j*A) -0 



Note also that U is a two dimensional manifold and so H^(U, A) = for all k > 3. Together 
with the above long exact sequence this implies that H k (C,j*A) = for all k > 3. 
Furthermore the natural evaluation map H°(C,j*A) — > A factors as 



H\C, Jif A)^H\U,A) — A 
and so 

(14) H {C,j,A) = (A )* 1 V>°\ 

Also, since A is locally constant, we have H®(U, A) = and hence 

(15) o »(A )*« U >* -0tiW w -Hl(U,A) »H\C,j.A) -0, 

and 

(16) H 2 (C,j*A)=H 2 (U,A). 

Now combining the second sequence in |T2|) with the vanishing H^(U,A) = 0, we see that 
( jcupj ) induces an isomorphism 

H 2 (U, AY = H°(U,A V ) =* (A y Y l( - u '°\ 

Also, since Ext 1 (#£(17, A), Z) = H 2 (U, A) t A or is torsion and H*(U, A) v is torsion free, the first 
sequence in (0 yields H X {U, A v ) toI = H 2 (U,A)£ OI . 
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Finally, by the Leray spectral sequence (which in this case is just Mayer- Vietoris) for 
j : U — > C and the sheaf A, we get an exact sequence 

(17) *H\C,j*A) *H l {U,A) *H°(C, R l ]*A) ^H 2 {C, 3 ,A) -► 0. 

The composition H^(U,A) -» H x (C,j*A) ■=— > H l (U, A) is the natural map from compactly 
supported to ordinary cohomology and so H l {C,j*A) = im [H^(U, A) — > H 1 ^, A)]. □ 



Corollary 4.5 For any local system A of finite rank free abelian groups on U we have a 
natural identification 

H l (C,j*A v ) ti = im [H\U,Af -► H l (C,j*A) v ] 

Proof. By the previous lemma we have an identification 

H\C,j*A v ) = im [Hl{U,A v ) -► H\U,A X 



In particular we have H l (C,j*A y ) ti = im[H^(U,A v ) ti -► F X (C/, A v ) tf ] On the other hand, 
by Lemma l4~T1 the natural map H^(U, A v ) t t — > H 1 ^, A y ) t { is equal to minus the transpose 
of the map H^(U, A) t f — > H 1 (U, A) t f. Since by Lemma 14. 41 we have 

^(C.^A) = im [H l c (U,A) - ^(C/, A)] , 

we get that 

im [tf x (£/, A) v -> l£(l7,i4) v ] = im [ir 1 (Z7,A) v - ff 1 ^,^] , 

which yields the lemma. □ 

4.2 The cocharacters of a cameral Prym 

Let p : C — > C be a generic Galois cameral cover as in the proof of Theorem [XJ Let 
{si, . . . , Sb\ C C be the branch points of this cover. We write j : U ^-> C for the inclusion 
of the complement, and p° : p _1 ([7) — > U for the unramified part of p. Define a local system 
A on C7 by A := (p°A) w . The canonical identification L A = A v = Hom(A, Z) gives also an 
identification L A = A v = Hom(A, Z). 

Fix a base point o G U and choose an arc system as in the previous section. We choose 
once and for all an identification A = A. By definition, the monodromy mon : TTi(U, o) — > 
GL(A) factors through W C SO (A, (•,•)) C GL(A). By the genericity assumption on 
p : C — > C, it follows that the monodromy image of each generator 7, G 7Ti(C/, 0) is a 
reflection pj : A — > A corresponding to some root ojj of g. Explicitly we have Pi(X) = 
X — (oii, A) • a/, where «, v 6 A is the coroot corresponding to «j. Since for each root a 
the divisor Z) a C tot(K c <%> t) is ample, it follows that the collection of roots {a%, . . . , o^} 
contains both long and short roots of g. Let £j := £ a ,,G an d £^ := £&■ G- 
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In the proof of Theorem [X] we described the cocharacter lattice of the cameral Prym P 
corresponding to p : C — ► C and G in terms of the first cohomology of the sheaves ]*A and 
j*A v on C. We now give explicit formulas for these cohomology groups. Note that without 
a loss of generality we may assume that S, the arcs a, and the discs Di are all contained in 
the interior of a disc D C C for which o G 3D. In particular we can choose a collection of o 
based loops Si, 5 2 , ■ ■ ■ , S 2g C C — ID which intersect only at and form a system of standard 
a-b generators for the fundamental group 7Ti(C, 0) of the compact curve C. Choosing the 
orientation of the loops Sj and 7, appropriately we get a presentation of the fundamental 
group of U: 

Si, ■ ■ ■ ,S 2 g, 



m(U,o) 



71 > 



>7b 



n» 



i, ff H 



it 



1 



To simplify notation we set u>i := mon (<5j) € W. Finally, it will be convenient to add to S 
an extra point s / 6 [/ and a loop 70 arount s , oriented so that the relation defining 
7Ti(C7 - {s }, 0) is 70 = nj=iPi><W"] nt=i7»- Note that we have Po = mon (7 ) = l6f. 
Note also that the deletion of Sq from [/ will not affect our interpretation of H l (C,j*A) as 
a kernel of a homomorphism. That is, we still have 

H\C, 3m A) = ker [H\U, A) -> ©tiA/(l - p t )A] 

= ker [if !(£/ - {s }, A) -> ©t A/(l - P,)A] , 

since the deletion adds a copy of A to both if 1 (», A) and R^j^A. 



Proposition 4.6 (a) There is a natural isomorphsim 



H^U-MtA) 



^2g+b 



1 - W X , . . . , 1 - W 2 g, 1 - Pi, . . . , 1 - p b )A 



which depends only on the choice of an arc system, the a — b loops Sj, and the identi- 
fication A = A. In addition, there is a non-canonical isomorphism 



H\U-{s },A) = H l (C,A) 



A b 



;i-Pi,...,i-p fe )A 



(b) Under the isomorphism H X (U - {s }, A) = H X (C, A) © (A b /(1 - pi, ■ ■ 
subgroup H l {C,j*A) C H l {U,A) can be identified as 



I- Pb )A), the 



H 1 (C,j*A) = H\C,A) 



ker 



ri-l 



ELi UT=\ Pk : ©Li^«/ -> A 



;i-Pi,...,i-p fe )A 



Proof, (a) The surface U—{s } = C—{s , si, . . . , St,} is homotopy equivalent to the bouquet 
consiting of the 2g + b oriented circles Si, . . . , S 2g , 71, . . . , 7b, where all circles are attached to 
each other at the point 0. The fundamental group tc of this bouquet of circles is a free group 
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on the generators Si, . . . , 5 2g , 71, . . . , 7&, and the local system A corresponds to the action on of 
this free group on A specified by the monodromy transformations (wi, . . . , w 2g , pi, ■ ■ ■ , p&) €= 
W 2g+b . As in Remark 14.31 the trivial 7r-module Z has a free Z[7r]-resolution given by 

(eJiiZHe^) © (©ti^He 7i )-^Z[7r] -Z -0, 

where (®,-iiZ[7r]e^) © (ffi^ =1 Z[7r]e 7 J is the free Z[7r] module on generators e^., e 7i and de^. = 
1 - Sj, <9e 7i = 1 - 7j. 

Applying Homz[ 7r ](«, A) and computing cohomology we get the identification 

A 29+6 
H 1 (U-{s },A)=H 1 (n,A)~ 



[l - Wl, . . . , 1 - W 2 g, 1- Pl,...,l~ p b )A 

Next we claim that by making appropriate choices, the topological description description 
of the cameral cover can be brought into a particualraly simple form. Recall JDDP05J . that 
there is a natural inclusion 

(18) {H°{C,K c )®t)/W^B. 

A cameral cover pj, : Cb — > C corresponding to a generic point b in the image of (J18j) is 
reduced but completely reducible: 



c b = |J a 



b,wi 

wew 



with each irreducible component Cj,, w isomorphic to C . Let D C C be a disc containing the 
image of all the singular points (= intersection of components) of C b - We get that J5 _1 (C — D) 
is completely disconnected: 

(19) p-\C-D)= \\\C-D} W , [C-D\ w :=C b , w np-\C-D), 

with each connected components [C — D] w isomorphic to C — D. 

A general cameral cover Cy with b' G B — A near b & B will be smooth and will still 
satisfy (|19j) . By taking all the 74 in D and all the Sj in C — D we have ii>j = 1, j = 1, . . . , 2g. 
Consequently 

(20) H\U-{s },A)=H\C,A) 



(1 -pi,...,l-p b )A' 

for the cover Cy ■ Since B — A is connected, it follows that (}20|) will hold for any C&», 
b" £ B — A and an appropriate choice of 7j's and 5j's. 

(b) As we argued in the previous section, the group H X (C, j*A) is the kernel of the natural 
map H l {U - {s }, A) -> fT (C, ^j*^) = ® b i=0 A/(l - Pi )A. Under the identification (J2DJ), it 
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is immediate that H l (C, A) is contained in the kernel of this map and that the restriction of 
the map to the summand A 6 /(l — p 1; ...,..., 1 — p b )A is given by 



(21) 



(Ai, . . . , A 6 ) ■-► {(p{X u ..., A 6 ), Ai + (1 - pi)A, . . . , Aft + (1 - pft)A), 



where the map <p : A — > A/(l — po)A = A corresponds to the relation rijiit^ $g+j} Yli=i 7« = 

To- 

In general, suppose that we are given a bouquet of circles V — CiV. . . , Vc n and suppose we 
have a word d = nj=i di * n ^ := ^iC^O f° r which all dj's are in {ci, . . . , c n , c] -1 , • • • , c^ 1 } C 7r. 
Consider the cyclic subgroup in tt generated by d and let M be some 7r-module. The inclusion 
(d) C it induces a map on cohomology if 1 (7r, M) — > H 1 ((d),M) which can be explicitly 
calculated. For this we only need to consider the tree which is the universal cover of V and 
follow the branches of that tree labeled by the letters di in the word d. More invariantly this 
corresponds to a map of resolutions 

1\{d)\e d — ^ Z[(d)} Z 

j(**) |(*) I 
©™=i z He Cl — ^ Z[tt] Z 0, 



-h- 



where (*) is the natural inclusion and (**) sends e^ to the sum Y^=i s S n (^i) (IIi=i di) td 

where sgn(dj) = ±1 depending on whether dj is one of the q's or one of the q[ 's. 

Combining this formula with the observation that (1 — Pi)(A) = (a^, A)a 4 v , we see that 

the kernel of (|2*T|) is precisely ker 5^i=i lll=iPfc : ©Li^^i 7 — > A . □ 



In particulr, for the torsion subgroups of H X (C, j*A) and H 1 ^!/, A) tor we get 
Corollary 4.7 



H\C, 3 «A) 



tor 



(1 -pi, ...,l-p 6 )A 



tor 



Jf(I7, Afc, = Jf(I7 - {*>, A )toI = ( Jr —^ J — iK ) 
Proof. Since if 1 (C, A) is torsion free, Proposition 14.61 implies that 



tor 



ker 



H\C, 3 *A\ 



a=i nr=i p k ■■ ©ti^«y _> a 



(1 -pi,...,l -pb)A 



tor 



The corollary now follows by noticing that the saturation of (1 — pi, . . . , 1 — Pft)A inside the 
lattice ©£ =1 Z£jaV is the same as the saturation of (1 — pi, . . . , 1 — Pft)A inside the lattice 
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k er 52i=i nl=o P k '• ®\=\^> e i c *i ~^ A 5 since the latter lattice is a kernel to a map to A which 
is torsion free. 

Finally, H X {U, A) tOT = H 1 ^ — {s }, A) tOT since the deletion of s adds a copy of A as a 
direct summand. □ 
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